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by 
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ABSTRACT 

Discrete quadrature weights and angles for use indis
crete ordinate methods of solutions for thin cells are tabulated 
for a series of regional cell thicknesses of applicability. 
Parameters are given for 4, 6, 8, 10, and 12 angle approxima
tions. The quadrature assignments are based upon a simpli
fied integral transport solution to the spatial average of the 
angular distribution of uncollided flux, assuming flat sources. 
The quadrature assignments are designated TRIM, for thm-
region integral method, and are most useful with thin cells 
having either or both regions very thin in mean-free-path 
units. The IBM-704 Fortran program used to compute the 
parameters is described. 

I. INTRODUCTION 

It is generally necessary to use a high-order, discrete-ordinate 
approximation, i.e., many discrete angles, m order to obtain sufficiently 
accurate flux solutions for thin-slab cells. This is, for example, ob
served in the calculation of heterogeneity effects in fast critical assem
blies using the discrete Sj,j method (DSN) . ( I ' Analysis of the problem and 
comparative calculations using single and double Gaussian quadratures 
have also been reported.(2) Two additional quadratures have subsequently 
been suggested.(3) One is based upon a modification of the single Gaussian 
quadrature. The other is based upon the angular distribution of uncollided 
flux as obtained by integral transport theory. These are designated MSG, 
for modified single Gaussian; and TRIM, for thin-region integral method. 

Criteria for determining a priori the suitability of double 
Gaussian (DG), MSG, or TRIM quadratures were also reported.(3) Quadra
ture choice depends upon the regional thicknesses in mean-free-path units 
and upon the number of discrete angles to be employed. Whenever feasible, 
DG or MSG quadratures are preferred, as the parameters are already avail
able for the former and easily obtainable for the latter by transformation of 
available single Gaussian parameters. The transformations are 

MSG 
l^x = 1-

SGI _, „ MSG „ SG 
y-X and R;̂  = Rx 





for the discrete angles and weights, respectively. For thin cells the MSG 
is more favorable than DG, because the discrete angles are distributed with 
relatively greater density in the region of small |/i | which is the region of 
predominant anisotropy of the flux. It has been found for a binary cell hav
ing regional thicknesses A and B, in mean-free-path units, DG or MSG is 
suitable if there is at least one discrete angle 

among the N / 2 values of |fi ^ | for that quadrature .(3 ) A TRIM quadrature 
is otherwise suggested. 

TRIM parameters must be specifically chosen for the particular 
cell. In order to have a set of TRIM parameters readily available, the 
present table has been prepared. 

II. CONSTRUCTION OF TABLE 

The concept, use, and accuracy of TRIM quadratures for thin binary 
cells have been previously described.(3) The present table is based upon the 
nonisotropic average angular distribution function(3) 

g(|H) - (!-"") -I M(l-e""^'''5 ^'^ 
and its integral from /i = 0 to |/j| : 

y(|^|) . 1,1(1-e-)-f|M|e - ^ V - j ^T^'^'-'-

/

OO 

S.^ dv With X = - ^ . (2) 

.. 

The weights R^ (^ = ^' ^ N / 2 ) are assigned to be equal to the 
intervals (AM)X = t^x'l^ '^^'''*' divide y(l ) into N / 2 equal a r ea s , i .e. , 

X -1 

y(/̂ x) - J^ (3) 
7 0 ) ' ^ ^ ' 

where N is an even number denoting the total number of discrete angles. The 
absolute values of the discrete angles, |JI;^ | , are then obtained from the 
relation 

y(lMx|) = 1 . (4) 
^ y d ) N 7 2 





The IBM-704 Fortran program used to ca r ry out the computation of 
the R;,^and |M;>̂ | is given in the Appendix. 

The a-range of the table is 0.005 £ a £ 0.5 in increments sufficiently 
small that use of pa ramete rs for the listed a-value neares t to A B / ( A + B ) will 
generally suffice. The paramete rs are listed for approximation N = 4, 6, 8, 
10, and 1 2. 

III. USE OF TABLE 

Consider the binary cell having A and B, the total regional thicknesses, 
in units of total regional mean free paths. If there exists for Dp or MSG 
quadratures in the N-approximation decided upon, a iMj^ink i ( A + B ) ' 
then TRIM need not be used. 

If TRIM is indicated, choose from among the listed N-approximations, 
corresponding to the a neares t to ( Tljig-) . an N-approximation which has a 
minimum of at least one value of 

I - l~ 1 (^^) 





APPENDIX 

Description and Fort ran Listing of IBM-704 Program: 

RE-1421 TRIM QUADRATURE CONSTANTS FOR THIN CELLS 

Data Input Card 1 Contains the quantities A, ERR, EPS in 
FORMAT (6E 12.4), where A is the quantity r e 
ferred to as a in the text; ERR is a convergence-
cr i ter ion parameter in the Ej^(x) subroutine, 
CALLEONE; and EPS is the convergence c r i 
terion on the equalities of Eqs. (3) and (4). 

Cards 2, 3, . . .Each contains the integer quantity Nsl 0 in 
FORMAT (15). Here, N is the number of positive 
angles contained in the quadrature approximation 
desired. Also, ERR = 10'^ and EPS = 10"* have 
been found suitable for a>0.005 and N<6. If 
pa ramete rs for smaller a or large N should be 
required, it may be necessary to assign different 
ERR and EPS values. 

For t ran l ibrary tape is to be on tape No. 1. 

Overflow in. 

Output On Line. The weights Ri, i = 1, • • • , N, are 
printed for the first N - value. The discrete 
angles IfTj , i = 1, • • • , N, are next printed, for 
the same N-value, beginning with a new row. 
Outputs corresponding to next N-value then 
follow similar ly . 





TRIM QUADRATURE PARAMETERS 

iMll 

0.00141 

0.00191 

0,00236 

0,00392 

0.00523 

0.00635 

0.00730 

0,00827 

0.00910 

0,00996 

l/^2l 

0.2701 

0.00591 

0.0077d 

0,2952 

0,00933 

0.3245 

0,0145 

\f^i\ IM \M | / ^6 | H R, 

a ^ 0.005 

0.3473 
0,0586 

0.0168 

0.3626 
0.0677 

0.0208 

0,4041 
0.0879 
0,0437 

0.4477 
0,1165 0,4827 

0.0261 
0.0098 
0.0057 
0,0039 
0.0030 

0.9739 

0.0205 
0.0107 
0.0067 

S 

0.0315 
0.0164 

a ' 0.0075 

0.4193 
0.0992 
0.0514 

0.4627 
0.1292 0.4973 

0.0317 
0.0125 
0,0074 
0,0052 
0.0O4O 

0.9683 
0.0651 
0.0243 
0.0131 
0,0085 

0.9224 
0,0909 

0,0192 

H 

0.0414 

0.0458 

a -- 0.01 

0.3740 
0.0750 

0,0243 

0,4308 
C.1081 
0.0577 

0 4740 
0.1394 0,5083 

0.0364 
0,0149 
0.OO9O 
C.0064 
0.0050 

0.9636 
0.0707 
0,0274 
0,0151 
0,0099 

a' 0.02 

0,4044 
0-0958 

0,0349 

0.4607 
0,1333 
0.0760 

0.5032 
0.1671 0.5366 

0,0505 
0.0224 
0.0141 
0.0103 
0,0081 

0,9495 
0.0860 
0.0364 
0.0211 
0.0144 

a -- 0.03 

0,3437 

0.0188 

0,0223 

0,3705 

0,0255 

0,0284 

0.0310 

0.4242 
0,U05 

0.0430 

0.4801 
0.1504 
0,0892 

0.5218 
0.1862 0.5544 

0.0609 
0.0284 
0.0182 
0.0134 
0,0106 

0.9391 

0,0426 
0.0255 
0.0177 

a = 0.04 

0.4389 

0.0497 

0.4944 
0.1639 
0,1000 

0,5356 
0.2005 0.5677 

0.O693 
0.0333 
0,0217 
0,0161 
0,0128 

0,9307 
0.1036 
0.0476 
0.0291 
0.0205 

a -- 0.05 

0.0556 

0,4611 

0,0608 

0.5060 
0.1753 
0.1087 

0,5467 
0.2128 0.5784 

0.0767 
0.0377 
0,0249 
0.0186 
0.0148 

0.9233 

0,0518 
0.0322 
0,0229 

0,0393 
0,0215 

0,0484 
0.028O 

0.0325 

0.0360 

0,0389 

a = 0.06 

0,5158 
0.1849 
0.1166 

0,5561 
0.2231 0.5875 

0.0831 
0 0417 
0.0277 
0.0208 
0,0167 

0.9169 
0.1149 
0.0554 
0.0349 
0,0250 

Q= 0.07 

0.4700 
0.1483 

0,0656 

0.5243 
0-1936 
0.1235 

0,5643 
0,2324 0.5953 

0,0889 
0,0453 
0.0303 
0.0229 
0.0183 

0,9111 

0.0586 
0.0373 
0.0269 0,0436 

Q = 0.08 

0.3976 
0.1010 
0.0603 
0.0430 
0.0335 

0.4778 
0.1552 
0.0966 
0.0697 

0.5317 
0,2014 
0,1300 

0.5713 
0,2408 0.6021 

0.0942 
0.0486 
0.0328 
0.0247 
0.0199 

0.9058 
0,!234 
0.0614 
0.0395 
0,0287 

0.0712 
0,0455 

h \ 





TRIM QUADRATURE PARAMETERS (Cont'd.) 

l̂ ll 

0.0107 

\P2\ \h\ 1 1/̂ 41 \H 

0,4048 
0.1060 

0,0358 

0.4849 
0,1615 

0.0737 

0,5385 
0.2083 
0.1359 

0.5779 
0.2480 

1*̂ 61 h 

Q • 0.09 

0.6080 

0,0991 
0,0517 
0.0350 
0.0265 
0.0214 

«2 

0.9009 
0,1270 
0.0640 
0.0415 
0.0303 

a = 0,10 

0.0113 

0.4113 
0.1107 

0 0379 

0.4913 
0,1672 

0.0776 

0.5446 
0.2146 
0.1411 

0.5837 
0.2549 0.6138 

0.1036 
0.0546 
0.0372 
0,0282 
0,0228 

0-8964 
0.1302 
0.0665 
0.0434 
0.0319 

a ' 0,15 

0.0144 

0,4378 

0-0473 

0.0168 

0,0189 

0.0546 

0.5168 
0.1913 

0.0933 

0.5689 
0.2411 
0.1635 

0.6067 
0.2826 

0.5356 
0.2098 
0.1402 
0.1058 

0.5866 
0.2613 
0.1808 

0.6234 
0.3031 

0,6356 

0,1226 
0.0670 
0.0463 
0.0355 
0,0288 

a - 0,20 

0,6517 

0.1375 
0.0769 
0.0537 
0.0414 
0.0337 

a ' 0.25 

0.0612 

0.5506 
0.2250 

0,1163 

0.6008 

0.1950 
0.6366 
0.3202 0.6642 

0.1498 
0.0853 
0.0599 
0.O463 
0.0378 

a - 0.30 

0.0207 

0.0223 

0.0237 

0.0»0 

0.0665 

0.5631 

0.1253 

0.6123 
0,2911 
0.2070 

0.6476 
0.3343 0.6747 

0.1603 
0,0924 
0.0654 
0.0507 
0,0414 

0.8774 
0.1429 
0.0763 
0.0511 
0.0382 

0.8625 
0.1523 
0.0837 
0.0572 
0.0432 

0.8502 

0.0898 
0.0621 
0.0475 

0.8397 

0.0950 
0.0663 
0.0510 

Q -- 0.35 

0.4978 

0,0714 

0.1864 

0.0754 

0.5166 

0.1299 

0.0794 

0.5736 
0,2488 

0.1330 

0.5828 
0.2584 
0.1807 
0.1401 

0.5910 
0.2670 

0.1463 

0.6223 
0,3028 
0.2173 

0,6310 
0.3133 
0.2268 

0.6386 
0.3229 
0.2353 

0.6569 
0,3464 0,6835 

0.1696 
0.0988 
0.0701 
0.0544 
0.0446 

a - 0,40 

0.6650 
0.3571 0.69U 

0,1776 
0.1043 
0,0743 
0,0578 
0.0474 

0.8304 
0,1710 
0.0995 
0.0701 
0,0542 

0,8224 
0.1756 
0.1033 
0.0734 
0.U569 

Q ' 0,45 

0.6722 
0,3667 0,6977 

0.1849 
0.1094 
0.0781 
0.0609 
0.0499 

0.8151 
0.17% 
0.1068 
0.0763 
0.0594 

a • 0.50 

0.0261 

0.5244 
0.2006 

0.1025 
0.0830 

0.5984 
0.2751 
0.1947 
0,1521 

0.6454 
0.3312 
0.2426 

0.6784 
0,3753 0.7038 

0.1915 
0.1139 
0.0815 
0.0637 
0,0522 

0.8085 
0.1831 
0,1100 
0.0789 
0.0617 

"3 

0.8213 

0.0733 
0,0473 

0,8152 

0,0753 
0,0490 

0,0831 
0.0555 

0,7708 

0.O889 
0.0605 

0.0645 

0.0679 

0.0708 

0.7201 

0.1031 
0.0733 

0.1744 

0.0756 

0.1764 
0.1077 
0.0776 

h 

0.1489 
0.0797 

0.0812 

0.0874 

0.0952 

0,1002 

O.1O40 

0.1699 
0.1055 

"5 

0.1523 

0.1533 

0.5798 

"6 





TRIM QUADRATURE CONSTANTS FOR THIN CELLS 
DlMENSIONAMUl10),R( lO).UBAR(IO) 

1 F0RMAT(6E12.1) 
2 FORMAT!15) 

READl,A.ERRiEPS 
3 READ2,N 

PA=EXPF1-A) 
CALLEONEtA.ESUBM.ERR) 
A1NTM=0.5«(1.0-PA)-0.5»A«PA+0.5«A«A»ESUBM 
L=N-1 

k D020M=1,L 
U=0.5 
UMIN=0.0 
UMAX=1.3 

5 XA=A/U 
PXA=EXPF(-X&) 
CALLEONE(XA.ESUBA,ERR) 
EM=M 
EN = N 
YU=-EM/EN+(U«(1.0-PA)-0.5»U»U»(1.0-PXA) 

X-0.5»A»U»PXA+0.5»A»A»ESUBA)/A1NTM 
1F(ABSFIYU)-EPS)11,11,12 

11 AMU(M)=U 
GOT02C 

12 IF(YU)13,lU,15 
13 UMIN=U 

U=lUMlN+UMAX)/2.C 
G0T05 

lU STOP 
15 UMAX=U 

U=(UMAX+UMlN)/2.0 
G0T05 

20 CONTINUE 
25 FORMAT! IPSElii.5) 

AMU(N)=1.0 
R(1)=AMU(1) 
R(N)=AMU(N)-AMU(L) 
IF{L-2)26,21,21 

21 D022M=2,L 
22 R(M)=AMUIM)-AMU(M-1) 
26 PRINT25,IR(1),1=1.N) 

UBM1N=0.0 
28 D036I=1,N 

UBMAX=AMU(I) 
29 UB^(UBMIN+UBMAX)/2.0 

XB=A/UB 
PXB = EXPF(-XR ) 
ZU=-1.0/EN+R(1)•(1.C-PA-UB«(1.0-PXB)l/AINTM 
IF(ABSF(ZU)-EPS)30,30,31 

30 UBARII)=UB 
UBMIN=AMU(I) 
G0T036 

31 IF(ZU)3i»,33,32 
32 UBMIN=UB 

G0T029 
33 STOP 
3U UBMAX=UB 

G0T029 
36 CONTINUE 

PRINT25,(UBAR(I),I=1,N) 
G0T03 
ENDIO,1,C,G,0) 
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